Xi, ' ,x m £V, T is called an isometry with respect to φ. We say φ is positive definite if φ(x, •••,#) > 0 for all nonzero xeV. In this paper we prove that if φ is positive definite and T is an isometry with respect to φ, then all eigenvalues of T have modulus one and all elementary divisors of T over the complex numbers are linear.
Let V be an ^-dimensional vector space over the real numbers R. Let T: V -• V be a linear transformation of V. The following theorem [1, Th. 3 ] is easy to prove: THEOREM Moreover, if T satisfies (2) , then there is a positive definite symmetric φ such that (1) holds.
There exists a positive definite symmetric quadratic form φ: V x V-»R such that
Theorem 1 can also be expressed in matrix theoretic terms. If A is a real n x n positive definite symmetric matrix and X is any automorph of A;
then X satisfies (2); moreover, if an n x n matrix X satisfies (2), then there is a positive definite symmetric A such that (3) holds. 
(H, T) is nonempty.
We conjectured that if P m (H, T) is nonempty,then (c) can be replaced by (c') "all elementary divisors of T over the complex field are linear." This would provide a complete generalization of Theorem 2, and thus justify (6) as a definition of a positive definite multilinear functional. The purpose of this paper is to prove this conjecture. Proof. Since T is a real transformation, it has a real elementary divisor ( 7 ) [
(By Theorem 2, 7 cannot be real in this case.) Let Wbe the invariant subspace of T determined by (7), and let S be the restriction of T to W. From (10) and (11) 
= o, contradicting (6). (Note that we are using the assumption that φ is symmetric with respect to S m ; this gives us a convenient way of sorting expressions such as those on the right side of (14).) Let μ = φ(v lf •••yVi, e 3 ). Using (13) and (14), we compute, Continuing this procedure, we obtain for any positive integer s
where 3 is a complex variable. Then / is a continuous function of z on the complex plane, and hence / is bounded on the unit circle. Moreover, since 7 is not a root of unity (in particular, 7 Φ ±1), is also bounded as s becomes large. Thus, letting s approach infinity in ( (H, T) . Clearly ψ* is symmetric with respect to S m9 and thus with respect to any subgroup H of S m . It remains to show that ψ is positive definite and that T is an isometry with respect to ψ. It suffices to prove these last two properties for φ. Let Then from (19) and (20) φ(Tz lf •• ,K ffl ) This completes the proof of Theorem 3.
